6. Thus, in the present article methods of sclution have been given for the system (6)-
(7) which enable one to find temperature fields and fluxes.

With the aid of these methods, approximation formulas have been found for the main char-
acteristics of a thermoelement: the heat flux and the internal resistance.

It has been shown that in the previously proposed formulas for the heat flux a quadratic
(in the Thomson effect) term is missing, and in the resistance s linear (in the current term)
is also missing. The estimates show that these effects may result in the deviation of the
volt— ampere characteristics from linear of several percent.

NOTATION

T, y, u, temperatures; q, Q, ®, heat fluxes; x, £, n, coordinates; %, A, thermal con-
ductivities; p, Yy, resistivities; a, coefficient of thermo-emf; 1, B, Thomson coefficients;
L, length; S, cross section; J, current density; I, total current; E, electric field inten-
sity; W, power; V, voltage.
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APPLICATION OF INFINITE SYSTEMS TO THE SOLUTION OF
BOUNDARY-VALUE PROBLEMS OF STEADY THERMAL CONDUCTION
IN NONUNIFORM MEDIA

Yu. I. Malov and L. K. Martinson UDC 536.24

A method of calculating the temperature field in nonuniform media is described. Ex~
amples of the calculation of the temperature distribution for an exponential varia-
tion of the thermal conductivity of the medium and also in a multilayer structure
are presented.

In the rectangular region 2{0<{x <7, 0 <y <1} we will consider the boundary-value
problem of steady thermal conduction [1]

7] ou 0%u ¢
Y n Bl TP S P W O 1)
ax[ (%) ax] S S =l ),

u=0 on 9Q, (2)
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where h(x) > 0 is the thermal conductivity, f(x, y) > 0 is the density of sources at the
point M(x, y), and q® = const is the coefficient of volume absorption of heat.

We will represent the solution u(x, y) of Eq. (1) which satisfies the boundary condition
(2) for y=0and y = 1 in the form

u(x, y)= sz () sin ssiy, (3)
s=1]
in which the function vg(x) is found from the self-conjugate second-order differential equa-
tion ‘

'%I“”lﬁ]”“ﬁhM%m~wa=—mn )

1
foty=2 [ F(x, ¥ sin sntdt.
Q

According to Eq. (2), the solution vg(x) of Eq. (4) must satisfy the conditions
| 0,(0) = v, () = 0. (5)
We will seek the solution vg(x) of the boundary-value problem (4) and (5) in the class
of continuous functions C(0, 1) in the following form:
N . knx
v.(x) = as sin . 6
L (1) ‘}__l‘ fsin = (6)

Expanding the functions h(x) and fg(x) in the range 0 < x < 1 in Fourier series, we ob-
tain

h(x)= By E 9, cos ko , €D
2 {
k=1
[V . kax ’
.(x)= v sin , (8)
{
=1
where
1
8, = _12_, E h(8) cos k;‘g e,
0
' P
vi=2 (@ 25 e

Y
h
Since the function vg(x) C(0,€1) and satisfies condition (5), it follows from expansion

(6) that the series
. ka krx
E' ai, — cos
{ l

converges and

We will introduce the auxiliary functions

d
D@ =hi) —2, Y@ =hE) 0 (9)
%
Assuming that for h(x), vg(x), and dvg/dx, belonging to the space L2 (0, 1) of functions inte-~
grable with a square, there is a general equation of closure {2}, we will write the expan-

sions ®(x) and ¥Y(x) in Fourier series:

~ knx
@ (x) = E @, cos T
k=0 .
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Y= N v, sin £ (10)
e

Then for the coefficients ¢y and Yy using rhe rule of multiplication of Fourier series we
can write the equations [2]

(1D

)

o= - N e ) k=012
2 ﬁff i
L
2

a0, — gl k=12 ...

=1

Using Eq. (9) and substituting the expansions (6), (7}, and (10) into Eg. (4), we ob~-
tain :

ka
[

O, - (P Y, — g, =v,, =172 ..., (12)

Finally, in view eof Eq. (11), relation (12) is transfecrmed to the following infinite
system of linear algebraic equations of the second kind with respect to the required coef-~
ficients:

2 \ 5 ﬂ‘gkj !
q~az - E a; ——212‘ ‘(’ﬂ»k_]- - ﬁk—]) - 25

J=1 ! j=1

(ﬁh—]‘_«.&k-{rj);:\‘z* (13>

where s occurs in the equations of this system as a parameter. In addition, for the Fourier
coefficients $, of the function h(x) in (13) we must assume that dn=d .,

It will be shown below that the infinite system (13) can be transformed in such a way
that its matrix operator in the class of functions h(x) considered is Fredholm. In this way
we will establish that the solvability of the infinite system, and, consequently, the solution of
the initial boundary-value problem (1) and (2), in accordance with expansions (3) and (6),
can be represented in the form
ulx, yy= E E a; sin k?x sin smy.
=1 k=1

‘

P
Denoting the matrix elements of the infinite system (13) by Akj,
2
a2

kj -
_5_{_ﬁé(ﬁk_j'+ Gpas) = 8 (Op_y— i)} (14)

we transform this system to the form

Ay =

fﬁ n%kj

or- QY g g e — VIS (g g jar— 15
D R A B T )
ik 1k
where wq = q® + Agg and wy = 0(k?) as k + =,
We will introduce the notation
vy k| ‘
Bk == wk H Phj: QIka‘(ﬁh_j’i—ﬁ‘k{»j)y
202
0 =22 (9, .—9, 2
2w, T T

after which system (15) and, of course, the initial infinite system (13) take the form

az—'—- Rh's':Bhﬂ k:ly 2)’“'?
2 R (16)

P, Q. f L}
Rkj — ! ki~ Qk} ’ r k;:j
{0 for = f.
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We will investigate the possibility that a solution of the infinite system (16) exists
and we will obtain it by the reduction method.

We will first show that for the matrix elements Pyj the following estimate holds:

S [Pyl <o, (17)
In fact Bi=t
© o k 2 o .
j n2 - 1 5 2 ¢
P < 2( o) N e v,
Ei=1 o= =
Since
C © k1
E P19, _1* < const 2 ik — j) O, _j2<const. E imd,,
j=1 ) 1=1 Mm=—oo
PRSI Y e+ D= Y imb, P,
i=1 i=1 m=k+1
we have
. 2 . 1 < 2>
N 1Pyyl* < cons E‘k— Zrmﬁm"- (18)
k,j=1 k=1 m=1

If the function h(x) is continuous in the interval 0 < x < 1, then at least

$,=0(m™") a m—o0.

«©

In this case the series };Im&mlz converges and, consequently, the binary series (18) also
m= .

converges, i.e., estimate (17) holds.

Similarly for Qkj the following inequality holds:

E Jthi2< 0. (19)
k,j=1
But then using (17) and (19) for the matrix elements of the infinite system (16) we have
the estimate
2 IR,;I*<< 2 (1Pl -+ 1Qwi)* < C°“5t( 2 {Pril®-- E }th!2)< 0. (20)
Eaj=1 Eoj=I koi=1 kj=1
In addition, it is obvious that the sequence of free terms of system (16) satisfies the con-
dition

3 B, < oo (21)
k=1 .

The estimate (20) enables us to establish [3] that the matrix of system (16) generates
inHilbert space 1° ofthesequences{ak}k_,a completely continuous operator. Since, accord-
ing to (21), the columns of free terms also belong to 1%, in view of the Hilbert theorem for
an infinite system with completely continuous form we have the following alternative: either
this system has a unique solution which satisfies the condition

ez < oo,

k=]
i.e., belonging to 1%, or in the uniform system corresponding to it there is a solution which.
differs from zero in the same space.

The absence of a nontrivial solution of the homogeneous system is easily established as
a consequence of the linear independence of the rows of the system matrix, which proves the
existence and uniqueness of the solution of the homogeneous system (16) for the case when
h(x)€c (0, 1).
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In this case, to solve the infinite system (16) we will use the method of reductiomn,
which means that approximate values of als( can be found from the truncated system

N
ai—;—Ethaf:Bk, R=1,2 ..., (22)
j=1
Note that when the function h(x) is piecewise smooth, having discontinuities of the first
kind at certain points x;6(0, 1), i.e., when for the Fourier coefficients only the relation
§, = 0(m™) as m-—>oo (23)

is satisfied, the series E 1m19m1 diverges and there is no upper estimate (18) for the matrix
m={

element ij. In this case the basis of the reduction of the infinite system (16) requires a
separate investigation.

We write the system (16) in the form

= m3j k , = / n%j 7% Oy, — O,
< s (S LG, . as . ] h..j hed (24)
Bt E Yow o, Ones 00 T'Z, l (l 2 ) 200 W B
o e 2
We will introduce the following notation:
n*k f 12
Xk= Ei—a;, yk = (l““‘“—2!2—) ak,
k i
Crj= (Or_s + Buis)s
Wy
Dy; = N TZ{HJ'
20
Taking into account the fact that af = Xy + Yy, system (24) takes the form
Xy + Y, + 2 CriXi+ E Dy;Y j = By. (25)
fak ik

We will consider two auxiliary infinite systems in terms of the unknown quantities o
and By:

o
o, + S Comi=eB, k=1,2 ...,
=
=

- (26)
B, + E D,B;i=(1—eg)B, k=1,2 ....

=1

Here in the sum I' we have omitted the term with j = k, and ey have been chosen so that
the systems (26) are satisfied identically when o) = (w’k/ZZz)aIS{ and By = [1 — ('rrzk/ZZz)}alsc,
where af{ is the solution of the infinite system (24).

It is easy to show that when conditions (23) are satisfied the following estimates hold
for ij and ij:

Y Gut<eo, ¥ D < oo,
k,j=1 k.=l
Whence, when there are no nontrivial solutions of the homogeneous system corresponding to

(26), there follows the existence and uniqueness of solutions of the inhomogeneous infinite
system (26) which satisfy the conditions

(RYE

<o, N pr<oo. @7)
k=1

o
i

In addition, to solve infinite system (26) we will use the method of reduction.
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Suppose ayp and By are, respectively, solutions of the infinite systems of (26). Then
system (25) can be satisfied by assuming

Xy =0y, Y,=8,.
Therefore,
a, =y + B, (28)

is a solution of the infinite system (25), and, consequently, its equivalent (16) also, and
in view of (27) this solution belongs to the space 1*?. It should be noted that the solution
ag of the truncated system (22), corresponding to the infinite system (16), can be repre-
sented as

= oy, + B
where ay and By are, respectively, the solutions of the truncated systems
N
ak+2 ijajzﬁth, k=1, 2, ooy N,
1=1
_ N, —
fsk+2 D.;Bi=(1—e)B,, k=12 ..., N.

=l
It follows from the applicability of reduction for the infinite systems (26) that
@*%erk“N*w
Then, taking (28) into account, we obtain as N + =
a; = at, + By » ay + By = ai

This indicates the possibility of reducing the infinite system (16) for the case of a
discontinuous piecewise-smooth function h(x).

Hence, the rigorous solution of the boundary-value problem (1) and (2) can be represent-
ed in the form of the double trigonometric series (14) with coefficients a®, which satis-
fies the infinite system (16), where we use the method of reduction to solve this system.

The form of the solution obtained enables one to calculate the steady temperature field
in Important practical problems with varying thermal conductivity. To carry out the calcula-
tion using the above scheme it is only necessary to assign the Fourier coefficients of the
functions h(x) and f(x, y). We will consider examples of these calculations.

1. Suppose the thermal conductivity varies as follows:

h(x) = Aexp <~ ;—t) , A, r— const. (29)

The problem will be solved for the function f(x, y) corresponding to a heat source concen-
trated at a certain point Mo(Xe, Yo)ER

fx, )=F,=Q6(M— M), Q= const>0.
In this case
1 —(—1)fexp(—r)

T , k=0, 1, 2...,

'Ok = 2A4rl
4Q

v;:—sinﬁ?ﬁ’sinsnyo, k=12 ...5s=1,2,...,
and the solution (14) of the initial boundary-value problem, having the form
u:G(xr Y, %o, yo)’

is fundamental for an exponential variation of the thermal conductivity of the medium (29).
This fundamental solution in view of the linearity of Eq. (1) enables one to write the solu-
tion with an arbitrary right side:

u(x, y) = _IQ— J.j‘ G(x, ¥, Xy, 4o) [ (%5 Y) dxydy,.
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Fig. 1. Temperature field: a) in a nonuniform medium; b) in a multilayer structure.

| ! | | T

Figure la shows isotherms of the temperature field of the fundamental solution for the
following values of the parameters: A =1, Q=1, r =1n10; 7 =2, xo = /2. and yo = */a.

2. The possibility of obtaining a solution of the boundary-value problem (1) and (2)
using this method in the case of a piecewise-smooth function h(x) enables us to calculate
the temperature distribution in a multilayer structure when there is no contact resistance
at the surfaces of the touching layers.

This formulation of the problem corresponds to assigning h(x) in the form of a piece-
wise—-constant function

Hy, 0=x,<<x<{x,
B = | o GSE< (30)
H,, x,_ | <x<x,=l[,
where Hy = const > 0, 1 =1, 2, ..., n. In this case the Fourier coefficients of this func-

tion can be calculated from the equation
n

8, = _?_Eﬂi (sin k’l‘xl‘ — sin k”’l‘i—l ) : (31

Figure 1b represents isotherms of the temperature field in a layered structure in which
the thermal conductivity varies as given by Eq. (30) for n =5, 7 = 2, x, = 0.17, x, = 0.37,
Xs = 0.67, and %, = 0.857 for Hy; = 0.8, H, = 0.2, Hy = 1, H, = 0.1, Hs = 0.5, and q = 0, The
calculation was carried out in this case assuming uniformly distributed thermal sources with
a constant density f(x, y) = 1.

Note that a feature of this method of solution is the possibility of carrying out cal-
culations in a multilayer structure for any number of layers without complicating the amount
of computational work, since the number of layers n is only taken into acccount in Eq. (31)
for the Fourier coefficients of the piecewise-constant function h(x).

In conclusion, we note that using this method one can obtain a solution of Eq. (1) with
mixed boundary conditions on 3.

In particular, if

u==0o0n x=0 and x = |, —gi: on y=0 andy =1, (32)
Y

the solution of the boundary-value problem (1), (32) can be represented in the form

0

ul{x, y) = 2

s=0 k=1
with expansion coefficients af which satisfy an infinite system of the form (13) in which
the free terms vi are calculated from the equation

o o kmx
@ sin— = cos sy

i1
v, = %‘jj [ m)sin k;’tg cos sundEdy.
b0

Similarly, one can solve the mixed boundary-value problem with conditions of the first
kind on y = 0 and y = 1 and of the second kind on the other sections x = 0 and x = L of the
boundary of the region.
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